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Outstanding uncertainiies in :hc widely employed Simha (J. Phys. Chcm. 44 ( 1940) 25) function for rhc viscosity increment 1’ 
of macromolecules as modelied by asially symmetric ellipsoids are resolved. A simple development of the analysis also rcvcals 
an inwresting relationship between Y and the translational fricrional property of macromolcculc~. 

1. Introduction 

Amongst the hydrodynamic shape parameters 
used for modelling biological macromolecules in 
solution, the ‘viscosity increment’ v for ellipsoids 
of revolution as derived by Simha has been very 
widely used. The viscosity increment can be simply 
related to the experimentally determinable intrin- 
sic viscosity [7] by 

The value of v for the apparently hypothetical case 
of wi = 0 is shown to be capable of very simple 
derivation under consistent assumptions, to yield a 
value identical with that given by classical hydro- 
dynamics; a result which may fuel future applica- 
lion_ 

2. The Simha formula 

[?I p= T 

K 

where q is the (solvated) specific volume of the 
particle. The exact definition of v and of the 
conditions under which it can be related to mea- 
sured properties of macromolecular solutions is 
thus of some importance. In the present work we 
identify a long-suspected error in Simha’s treat- 
ment, show that the final result is nonetheless 
valid because of apparent cancellation of errors, 
and discuss the importance of the Brownian rota- 
tional velocity (q) in distinguishing shear-induced 
from pure translational motion of solute particles_ 

* Present address: Department of Biochemistry. University of 
Bristol, Bristol. U.K. 

In his 1940 paper, Simha [I] gave the following 
formula for relating Y to the axial ratio for el- 
lipsoids of revolution in dominant Brownian mo- 
tion 

where a, b and b are the 3 semi-axes of the 
ellipsoid (b > a for ablate and b < a for prolate) 
and the a& terms. etc.. which depend on cz and b 
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are elliptic integrals defined by Jeffery [2]. This 
relationship could be evaluated numerically for 
both cases and a table of values for Y as a function 
of axial ratio was given by Mehl et al. [3]. Eq. 1 
can be simplified after cancellation of terms to: 

w 

There have remained. however. some uncertainties 
in the derivation presented by Simha. as first 
pointed out by Saito [4] in 1951. 

In 1922. Jeffrey (21 had calculated the viscosity 
increment for a suspension of ellipsoids subject to 
purely hydrodynamic (or ‘convective* [5]) forces 
and torques and no Brownian motion. Simha’s 
paper was an attempt to extend Jeffrey’s analysis 
to the case where Brownian motion was dominant. 
According to Simha, as a result of the Brownian 
motion the suspended ellipsoids would have ran- 
dom orientations and have zero angular velocity: 
*W; = 0 in Jeffcry’s formulae 22, 24 and 26’. Saito 
[4] later stated that the latter assumption was 
incorrect, showing in his eqs. 3.7 that the partic!es 
should rotate on average with the local angular 
velocity of the fluid. This can also be proved from 
Brenner [6]: combining his eqs. 7.36 and 8.36 
R=w 

where Q and o are, respectively_ the angular veloc- 
ity pseudo vectors of the particle and the fluid. In 
Brenner’s original paper, eq. 7.36 is misprinted 
and should read 

Surprisingly, however, Saito obtained the same 
final formula as Simha and this fact led him to 
suggest that perhaps Simha had made ‘some errors 
in calclllation’. In order to explain this incon- 
sistency we outline the method followed by Simha 
and Jeffery. 

3. The flow velocity and pressure 

We need to calculate the additional dissipation 
of energy caused by introducing the particle into a 

given flow, and we do this by comparing the given 
flow with the consequent disturbed flow within a 
suitable sphere, S. of radius R, centred on the 
particle position_ We impose two requirements 
upon S: firstly. that it is small compared with the 
scale of spatial variations in the given flow, and 
thus within it that flow is a linear variation of 
velocity with position: secondly, that it is large 
compared with the size of the particle, and thus 
that the disturbed flow will not appreciably differ 
from the given flow by the time the surface of S is 
reached. Naturally, these requirements can only be 
met when the particle is, as we have assumed, very 
much smaller than the scale of spatial variations in 
the velocity field of the given flow. 

For our purposes then, the disturbed flow may 
be taken to be the flow of an incompressible fluid 
in the region between the rotating ellipsoidal 
surface of the particle and the concentric spherical 
surface S. On the inner surface we impose the 
usual no-slip boundary condition. whilst on S we 
require the velocity field to be equal to its value in 
the original flow. We give the velocity components 
of the two flows with respect to rectangular Carte- 
sian axes fixed in the rotating particle so that its 
ellipsoidal surface will always be given by 

The undisturbed flow is given, within S, by 

Zdf =g,,.x, 

where g;, are the components of the velocity gradi- 
ent tensor which are, by our assumptions, indepen- 
dent of position within S. In this equation and in 
subsequent equations, the indices range over the 
values 1,2 and 3 and the summation convention is 
used whereby when an index is repeated within a 
term a summation is indicated over the three val- 
ues of that index. 

Using ellipsoidal harmonics, Jeffrey WCS able to 
give the flow velocity and pressure in the region of 
S for large but finite R. He gives the result under 
the assumption that the angular velocity is such 
that no net hydrodynamic torque acts on it, i.e., 
hydrodynamic effects alone affect the motion of 
the particle. In order to consider the Brownian 
motion we follow Simha in dropping this restric- 
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Table 1 

The relationship between the notation used in this study 
and that used by Jeffrey [2] 

This rate of working. dW/dt, is given by 

where 

are the components of the stress tensor, and 
s, 

PI, = - 
R 

are the components of the unit normal to S. 
For the disturbed flow we find 

tion whence the flow near S is found, to leading 
order, to be 

In this equation, @ =Aiixjx,. whilst the Ai, terms 
themselves are coefficients independent of position 
but dependent on the gjj terms and the compo- 
nents wi of the angular velocity of the particle: 
their explicit values are given by Jeffrey (see table 1 
for the relationship between his notation and ours)_ 
We consider the values of the Ai, below. 

On the assumption that terms of second order 
in the velocity may be neglected and that the 
particle spins are of the same order as the fluid 
velocities, the dynamic equation for the fluid re- 
duces to 

7r VL=Gp 

from which the pressure. p_ can be found. For the 
disturbed flow we find the pressure on S to be 

P=Po-T 

where pa is a constant_ 

4. The dissipation of energy 

Assuming a steady state. we can compare the 
rates of dissipation of energy within S in the two 
flows by comparing the corresponding rates for 
working of the viscous stresses on the surface S. 

where the u,, = 4( g,, + g;,) terms are the compo- 
nents of the local distortion in the undisturbed 
flow. Cn the other hand. the well-known formula 
of Stokes gives. for the undisturbed flow 

We thus obtain an expression for A. the extra 
dissipation of energy when the particle is present. 
namely 
A= ??_ 3 dd Vt,,%, 

If we split g,, into its symmetric and skew- 
symmetric parts, we have 

~=+?(CI,,u,,tA,,&,) 

where til = $( gi, - gji). Jeffrey. as a consequence 

of the dynamic assumption mentioned above. was 
working with symmetrical A,i. and so naturally 

obtained only the first term in our expression for 

A; and it appears that Simha, although he removed 
the restriction on A, failed to find the second term: 
Using Jeffrey’s notation (table 1) 

A,,u,,=(Aa+Bb+Cc)+(F+F’)f+(G+G’)~ 

+(H+H’)h 

A,,.$,,=(F’-F)t+(G’-G)qi(H’-H){ 

for example, F and F' are 



In Jeffrey’s paper. the nh terms, etc.. in the numer- 

ators of the above expressions are misprinted as 

tiO_ etc. 
We can thus deduce that 

~/‘+(h’+r’)f’+(b~-c’)(S-~w,)f 
(rt F’)f= --” 

2( h’s, -f- GT”) 

(F,_-F)5= (h’-rEZ)fS+(h2+C2)(5-0,) 
2( his, t 2yo) 

where we have utilised the various relationships 
between or,. &, etc.. that are given by Jeffrey_ 

Now Simha apparently did not find the A,$,; 

term (it is missing from his eq. 5) and thus would 

not have had terms like (F’ - F) in his calcula- 
tion_ We can see. however, that taking w, = 0. as 

he apparently did, in the (F+ F’)f term gives the 

same final result as taking o, = 5 in the sum of the 
( F + F’) f and the ( F - F) terms. Since the same 

argument applies to the other terms we conclude 

that Simha’s formula (eq. I). although incorrect for 
in, = 0 on account of the omission of the term 

Aj,Jji, is, by a fortunate coincidence. actually cor- 
rect if w, = .$. 0, = q, o3 = I_ 

It is worth noting that if one does take w, = 0 

and includes the A,j&i term. one obtains for 

spherical particles Y = 4, in contrast to Einstein’s 

17-91 value of 2.5. The result v = 4 for w, = 0 

agrees with that previously found by Brenner [IO]. 

The conditions are physically equivalent to the 

particles being randomly orientated but having 

zero angular velocity, i.e., being rigid with respect 

to the local angular velocity of the fluid. This is 

appropriate to particles undergoing translation 
only (e.g.. in sedimentation) but not shear. It is of 

some interest to note therefore that a very simple 
derivation of Y, based upon the translational prop- 

erties of uncharged solute particles, can be devised 

which gives precisely the same value (Y = 4). The 

derivation is as follows: 

The effective volume flux associated with the 
translation of a solute volume cY, (c = mass con- 

centration. r% = specific volume of the particle) is 

in the !imit c - 0 equal to 4cc [ 1 I]. The effective 
free solvent volume fraction, (I - 4cK)/l. will be 

precisely equal to the area fraction occupied by 

free solvent in any given plane, by standard stereo- 

logical principles_ Assuming zero slip across the 
area corresponding to effective solute volume. and 

the pure solvent viscosity coefficient to be other- 
wise applicable, it follows at once from the basic 

definition of viscosity (force/area) that the solu- 

tion viscosity will be incremented by (I - 4cq)-‘. 

and hence that in the limit as c - 0. v (as defined 
earlier) -t 4. The case considered is of course hypo- 

thetical, though it could be of potential interest in 

describing solutions in which the particles were 

constrained in some manner and hence unable to 

rotate. It is of value, however. to see that con- 
sistent assumptions lead to a consistent result, 

even using very different theoretical approaches_ 
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